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ABSTRACT: Using 4D, N/ = 1 superfield techniques, a discussion of the 6D sigma-model
possessing simple supersymmetry is given. Two such approaches are described. Foremost
it is shown that the simplest and most transparent description arises by use of a doublet of
chiral scalar superfields for each 6D hypermultiplet. A second description that is most di-
rectly related to projective superspace is also presented. The latter necessarily implies the
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plet. A separate study of models of this class, outside the context of projective superspace,
is also undertaken.
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1. Introduction

The topic of six dimensional supersymmetrical sigma-models [[I[} P] is curiously one that has
hardly been explored in the literature. Certainly one possible explanation for this is the ex-
pectation that no fundamentally new features will emerge. For example, since by reduction
to 4D they become N = 2 models, the already extensive literature on the latter must surely
constitute an indirect study of these models and has already illustrated all structures of the
6D theories. However, this raises questions that always occur when discussions of compact-
ifications are present in supersymmetrical theories. Are there features of the compactified
theories that only occur in the lower dimension? How are the features that only permitted
in the 6D theory to be disentangled from those that are present only in the compactified
theory? Moreover, with the topic of ‘little strings’ [f] having been discovered, one would
also prefer a study of 6D nonlinear sigma-model theory in an effort to find whether there are
features of the former that are encoded in the structure of the latter. Finally, these studies
of 6D models in terms of 4D, N' = 1 (or more generally higher D) models [{]-[f] opens
up an arena for the study of the corresponding realizations of superconformal symmetry,
supergravity and perhaps most fascinating of all, superstring/M-theory.

In previous work [[i] we have probed the structure of the 6D hypermultiplet as viewed
by the tool of a formulation that only realizes the full 6D Lorentz group fully on-shell but



permits the realization of 4D, N' = 1 supersymmetry off-shell. Thus, the present work
naturally follows onto this previous set of investigations. A summary of this work follows.

In the second chapter, the formulation of this class of models in terms of pair of
chiral multiplets (CC formulation) is given. It is shown how the condition of on-shell
Lorentz invariance naturally leads to the condition that the geometry of the nonlinear
sigma-models must be that of a hyper-Kéhler manifold [§. The determinant of the hyper-
Kahler metric is equal to the square modulus of the determinant of the exterior derivative
of a holomorphic one-form which is related, in our 4D, N/ = 1 superspace fomulation, to the
extra-dimensions. This condition results to be equivalent to the Monge-Ampeére equation
and implies Ricci flatness. The triplet of complex structures that possess a quaternionic
algebra is identified and related to the exterior derivative of the holomorphic one-form.
With a correct definition of how to obtain the 6D component fields from the 4D ones, the
on-shell action is found to take the expected form: Kinetic energies for the spin-zero and
spin-1/2 states together with a quartic fermionic interaction that involves the Riemann
tensor for the manifold geometry.

In the third chapter, an exploration of the origin of such models arising from projective
superspace [[-[[5, [l is undertaken. ‘Projectivized’ superderivatives are defined in the
usual manner. This is followed by a review of the polar formulation of hypermultiplets and
the discussion of sigma-model actions that can be introduced for these. As an example of
the general structure of these 6D sigma-models we consider the particular case of tangent
bundles of Kéhler manifolds. Although no explicit results are given for the O(2n) 6D N
= (1, 0) multiplets, it is noted that the extension to the 6D arena is possible.

In the fourth chapter, we analyze the very difficult problem of deriving the geometry
that arises in the case of directly using the CNM (chiral /non-minimal) [[§]-[[9] formulation
without the starting point of projective superspace. The starting point for this mimics the
techniques used in chapter two but includes now the complication to allow both chiral and
complex linear superfields [0, PI] (i.e. non-minimal scalar multiplets) ab initio in the
analysis. It is noted that whenever the number of nonminimal multiplets is less than the
number of chiral multiplet, a subsector of the theory must take the form given in chapter
two. Full expressions for the bosonic terms in the action, prior to removal of auxiliary
fields are given. Imposing 6D Lorentz invariance, imposes a condition on the generalized
potential in the model that is very similar to that found in the pure CC case. However, no
simple solution to the general case of this system are obtainable by our present methods.
An explicit solution is presented in a special case where an explicit proof is obtained that
CNM geometry is a hyper-Kahler one.

In the fifth chapter, a discussion of the duality between the 6D CC and CNM formula-
tions is undertaken. Once again the analysis of the general case is hampered by the sheer
complexity of the problem. Subject to a special choice of a Darboux sympletic atlas, the
results indicate no obstructions to carrying out such duality maps.

In the sixth chapter, there is presented an indirect study of the CNM sigma- models
via the use of duality with respect to CC models. This allows a direct inference of the
constraints of the CNM model by using the duality of their correspondence to objects that
occur in the CC approach.



We include a chapter with our conclusions and include two appendices. The first
appendix is used to state the conventions of the paper. The second contains explicit
calculations of the actions that involve the CNM formulation to obtain component level

results.

2. 6D, N = (1,0) CC sigma-models

We formulate six—dimensional nonlinear sigma—models using a formalism which keeps four
dimensional A = 1 supersymmetry! manifest.

The 6D, A/ = (1, 0) hypermultiplet can be described in terms of two chiral multiplets [B]
B (CC formulation) or one chiral multiplet and one complex linear multiplet [ (CNM
formulation). We start considering the CC formulation.

The action which describes the free dynamics of a 6D, NV = (1,0) CC hypermulti-

plet B[ is
Seo = /d6xd49 [$+<1>++$_ <I>_] + /d‘)’xd?e[ <I>+6<I>_]

+/d6xd25[6+56_} , (2.1)
where
1 , 0 .
zzi(m4+zm5) , 855284—185 ;
z = Loy —izs) 5=2L —0,+id (2.2)
Z_2$4 1Ts s _({95_4 105 . .

The action (R.1]) is explicitly invariant under S1(2, C)xU(1) ~ SO(1,3)x SO(2) C SO(1,5),
a proper subgroup of the 6D Lorentz group, and it has off-shell 4D, N/ = 1 SUSY. The
U(1) ~ SO(2) is the subgroup of rotations on the (4,5)-plane in 6D Minkowski space and
acts as phase transformations on  — €9, 9 — 9. The (anti)chiral superfields of
the hypermultiplet are assumed to be neutral under the U(1) subgroup since the bosonic
physical fields Ay = ®1| and Ay = ®| must be neutral (i.e. scalars with respect to the
6D Lorentz group). From the invariance of the holomorphic? terms in (1)), it follows that
the grassmannian differentials transform as df, — e_%(bdea, dly, — e3%df,,.

Once integrated out, the auxiliary fields in (E) lead to a resulting action which has
linearly realized 6D Lorentz invariance and is on-shell 6D, /' = (1,0) supersymmetric.

We now extend this analysis to 6D nonlinear sigma—models and find restrictions on
the target space geometry induced by the request for the model to be 6D covariant and
supersymmetric.

We start generalizing the action (R.1]) to a system of n decoupled CC hypermultiplets
describing a flat complex 2n—dimensional target space. Defining W% = (CI>£F, %) we write

: (2.3)

—z 1 1 ——g—= —=—b
S:/dﬁx[/d‘*aqf 5ab\11b+g/dQH\IJ“Qaballfb+§/d29\Il Q00

'We use the conventions of [@} and [ﬂ}
2We use ’ holomorphic terms’ instead of ’superpotential terms’ since they lead to the appearance
of derivatives of the propagating bosons.



where
S 67‘] 0 A 0 dry
6ab = ( 0 5@ > Qab = Qab = < 55 0 ) . (2.4)

To extend non-trivially the action (P.J) to a curved target space we make the following
ansatz

/d%[/d‘*@ K (\pa,@> +/d29 Qa<\Ifb)6\I/“+/d25 @E(ﬁgﬁﬁ_

Here the functions Q, (Q5) are (anti)holomorphic in the (anti)chiral superfields ¥¢ (EE)
The expression (R.5) is the most general ansatz for an action local in the physical fields
which generalizes (P.J) and still has the off-shell symmetries of the flat case, i.e. 4D SUSY
and the S1(2,C) x U(1) invariance.

A feature of note regarding (B-) is the appearance of Q,(¥?) in the extra—dimensions

(2.5)

derivatives holomorphic term. This quantity has an interpretation as the connection of
a U(1)-bundle. This U(1)-bundle is not necessarily related to the one that is part of
S1(2,C) x U(1) invariance. In fact, the U(1)-bundle for which @Q,(¥®) is the connection is a
bundle defined over the manifold. The fact that Q,(¥?) appears as it does in (R.5) implies
that it is ambiguous with respect the gauge transformation

0
ove

Qa(¥) — Qu(¥’) + S T(¥) (2:6)
since the purely holomorphic terms are only changed by surface terms with regard to this
redefinition. This invariance will be seen at the level of the action by the result that this
U(1)-bundle connection will only appear in quantities via its exterior derivative.

It is important to note that the rigid U(1) invariance and as well the local manifold
U(1)-bundle invariance, both fix the form of the the latter two terms in (P.F]) and exclude
the possibility to have terms like [ d20Q,0 U* + / d?6Q, 0T". In analogy with the flat
space [ff], such contributions would be the only possible terms admitted if we were to
impose opposite U(1) phase transformations on the grassmanian coordinates of the 4D,
N =1 superspace and would give N’ = (0,1) CC sigma-models. In the rest of the paper
we concentrate only on the (1,0) case. As noted in [f], the (0,1) case can be recovered by
simply doing the change 9 <> —d wherever 9 and 0 appear.

Reduced in components the action (P.5) reads

/d6x{ Kal_y |:— %aadzgaadAa + FEFO« _ % (@gaaawg + wgaaa@i) ]

b3 Fue [Tyl 4+ (0 AT, |
b3 Ko | FTT, — (0 A 075 |

1
+ QuyY"* O YL + (Qb(a) - Qa(b))F “9A" + 5 Qaee) (047) P,
—bis—a — = \Fa73, 1/ @, —ba—c
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1 —aa—b
T 27

where we have defined the tensors

PHIK(A. A

ay-apby-by — 9 (_’I—) ) 3 (2.8)

0Au ... 0ADIA™ ... DA

9" Qa(A) o 9" Qz(A)
Qulor-by) = gl Quygy = — (2.9)
1 oAb --- DA SRy OO
The equations of motion for the auxiliary F—fields are algebraic as in the free case

a ab 1 ca,d ) e _ZE

F— k¥ | g g DA
= 3 Ka¥ Yot <Qc(b) - Qb@)) : (2.11)

where K is the inverse of the Kihler metric K i Kac K b = 60 and KoK b — 52. Inserting
the previous relations in (R.7) we find the action for the physical component fields. We
divide it into three pieces with zero, two and four fermionic fields, respectively

)

1 —a . = \a—b
_ 6 _ aad . AG _ praa _ - _ _ b
Sof = / d x[— 5 Kaa 0"V A" 006 A" = K <Qb(a) Qa(b)> (Qb@ Qa(b)>8A dA

(2.12)
Sap = =5 [ o [K Tai0* St + K g (1006 A V000 + (Quay — Quy )90 08
+ KKz (Qd(a) - Qa(d)> <3Ad) WY,

+ (Qb(ac) - Qa(bc)) (314”) s+ {h.c.} ] ; (2.13)

1 cc aa, b 7AGTD
S4f = Z /d6x[(Kabﬁl_7 — K KGbEKcEI_7>¢ ¢gﬂ) ¢d] . (214)

In these actions the structures of the Kahler geometry as required by manifest 4D, N' =1
SUSY appear: In (), (), besides the metric, we recognize the connections and the

curvature tensor of the Kahler manifold

_ d a _ po/da
%, = KKy g Fagg = K"Ky
,R’al;ca = Kac@ - KrsKachrQ : (215)

Extra constraints on the geometrical structures come from requiring that after integration
on the auxiliary F-fields, the resulting action is 6D Lorentz invariant. In particular the
actions (P.12), (R.13), (R.14) must be separately Lorentz invariant.




Bosonic action We start imposing 6D Lorentz symmetry for the pure bosonic ac-
tion (R.12)). In order to have manifest, linearly realized 6D Lorentz invariance we should
be able to write it as

- / d%[Kaa oA, A | = _% / dﬁx[Kaa (aadZEaMAa +OADA +aZEEAa)
(2.16)
To compare the action (R.12) with (R.16) we re-write (R.12) as
Sof = —% / &S [Kaa A 0o A” + Koz (9A"0A + 940"
+ K (éz_aAa - aZEEAa) , (2.17)
where we have defined
Ka& = (Qb(a) - Qa(b) > Kbg (a{;(a) - QE(E)> = —Qaw Kbgﬁga ) (218)
and
Qop = (Qb(a Qa(b)) ;o Qg = (Qb(a) Qa(g)> : (2.19)
Matching (B.17) with (R.16) requires
Kug = Kag = —Qq K Q. (2.20)
The second line of (R.17) then becomes
—% / @ (Kgd A 0A" + K DAPDA" — Ky 0A"DA" — Kz 04" DA
1 — —
_ _§/d6x[8(Ka8A“) -0 (K,04%)] (2.21)

and it is explicitly a total derivative in six dimensions.

An interesting observation regarding the total derivative term is that if we were to
work in 5D [RZ] the second line of (R.17) would be identically zero, even without imposing
K= ~aa since @ = 0 in five dimensions.

To summarize, in order to have 6D Lorentz invariance of (R.12) we need only require
the constraint (R.20)) for the Kéhler metric. Note that if we interpret @, as a holomorphic
1-form connection for a U(1) bundle then clearly the quantity Qg is its exterior derivative
(i.e. its field strength - U(1) curvature).

We now study the consequences of the constraint (R.20)). Taking the determinant of
both sides of (P:20) we have an expression that relates the determinant of the Kahler metric
to the exterior derivative of the holomorphic one-form

_ 2
det K = det Q det K~ ' det ) = [detK] = detQ detQ = | det Q[

—  Ti[ln(K)] = %[Tr[ln(Q)] + Tr[ln(ﬁ)]] . (2.22)



These equations can be re-written in terms of the Kéahler potential as a nonlinear d-th

order differential equation
[det (0,0, K)] = | detQ | (2.23)
% 0102 aq 651 ba...by (aaial; K) .. (8aial;i K) = | det Q2 ‘ , (224)

where d is the number of the chiral doublets present in the action. After the introduction
of a new variable IC(®, ®) via the equation K = ®%®; + K this leads to a nonlinear

differential equation for /C,
det(d,5 + 0u05K) = | detQ| . (2.25)

Since our manifold is Kéhler we can express the Ricci tensor in terms of the determinant
of the metric as R ; = 0,0; [In(det K)] and from (R.23) it follows

R; = %aaa,;[ln (det Q) +In (det )] = 0 (2.26)
Our manifold is then Ricci flat.

We note that, through a holomorphic change of coordinates, the det {2 can be always
chosen to be unimodular. Then the previous description (B.22)—(R-25)) is equivalent to
Monge-Ampere equation det (0,0;K) = 1 which characterizes the Ricci flatness of our
target space.

It is known that relations (P.19), (B.20) imply moreover the stronger constraint on the

target space geometry to be hyper-Kihler [R3]. In fact, we introduce

0CQy =6, 0705 =67 (2.27)

and define
0% = K“Qq = -0 Ky | (2.28)
0% = KOy = —Q“K, (2.29)

satisfying
0%L0°% = —§ , 0705 = 6T . (2.30)

It then follows

O e = K g, — K Q0 — V.0 =0 | (2.31)
0z = Ky Q% — Kige Q% — VgQp =0, (2.32)

and Q,p, ﬁal?’ Qag and Qab are covariantly constant. A triplet of covariantly constant
complex structures can be then introduced as in [PJ-[RG]

0 Q% 0 0 0% 0
Jb=| _ b J? = _ b J3 = b . 2.33
<Q“b 0 ) ’ <—¢Qab 0 > ’ ( 0 —id% (2:33)

which define the quaternionic structure of an hyper-Kéahler manifold
JEJY = =" P gr (2.34)

Therefore, the request for the on—shell bosonic action to be 6D Lorentz invariant implies

the target space to be hyper-Kahler.



Fermionic actions We now investigate the Lorentz invariance of the fermionic ac-
tions (B.13, R.14). As we are going to prove, the hyper-Kihler condition for the target
manifold is sufficient to automatically provide 6D Lorentz invariance also for the fermionic

3 as obtained from the 4D spinor com-

actions, once properly defined the 6D, (1,0) spinors
ponents of the (anti)chiral superfields (") ¥, The correct choice of 6D spinors is the one
suggested by the dimensional reduction of [P] and used also in the recent five dimensional
analogue of our investigation [PJ]

ao _Oa ,/,ba

b — 1/17 TE&:< Q%
o b ’
Q s

—ac

(4

Note that this is also the choice that gives a symplectic Majorana-Weyl structure to the
6D spinor. In fact, (¥2%)* = ¥ = C&B Qe b\IJbB where C@EC% = —(55‘&.

Now, using the following relations due to the hyper-Kéhler structure

) = —Q3wbe (2.35)

R 2% = 04 <Fgal3 ﬁ;ﬁ) = 0, <F3@§%) = Raate ng ; (2.36)

aach

Ry X = Oa (Fdab Qdc) = 0a <Pdac de) = Ry (2.37)

we find that the two and four fermions actions (.13, can be re-written as
1 — o : —b
Sor = =5 / & Ko [ Fg a0ty + Tg, (i0°04°) doulh

+ Q%P 0P + Ty (3Ad) Q% P + {h.c. }]

1 —Ga . 5 | —ad : 5
-3 / @ K| U050 + BT, (i0,54") w7
5. ad Gra [ .o —b\ =ca
+ Ui 50" + weTE (Z%A ) ] : (2.38)
1 6 ad g, b3 TV b0
S4f = _ﬂ d’x Ra&b@ 6&5*{5\1} LA . (2.39)

and Lorentz invariance become manifest. We have then found that 6D Lorentz invariance
requires the target space to be hyper-Kéahler. Under this condition, the sum of actions
(Sof + S2f + Saf) is also on-shell N' = (1,0) supersymmetric [J].

Our sigma-model, being written in 4D A = 1 superspace, has manifest 4D supersym-
metry. When the hyper-Kéahler conditions are satisfied, the action is also on—shell invariant
under the following transformations

a I} a «a i T a —=ab a —_
O, ¥ :DQ[Q "y (0720 + 0 772@)} ;oW :DQ[Q K5 (0%n2q + 0 772@)} - (2.40)

The 6D, N = (1,0) algebra, once written in a 4D formalism, is equivalent to a 4D, N' = 2
SUSY algebra with a complex central charge [[]. The transformations (P.40) give exactly

3for our (1,0) spinor conventions see [ﬂ]



the second supersymmetry of the 4D, N = 2 algebra. In fact, it can be seen that the
commutator of two transformations [0,,,d¢,]¥® closes off-shell, and the commutator of
a transformation (R.40) with a 4D N = 1 transformation closes on-shell as [0,,, ¢, ]¥* =
0 \IJ“(Cf‘nga%—Ziéﬁm) and [dy,, 5&]@5 = Eﬁa(g‘ma +Z?ﬁ2d) on the extra dimensions. These
properties are the natural extension to six dimensions of what happens for five-dimensional

CC sigma-models [2J].

3. 6D sigma-models from projective superspace

Up to now we have studied 6D supersymmetric sigma—models using a partially on—shell
formalism which keeps 4D, N/ = 1 SUSY manifest, being the target space coordinates
described by 4D (anti)chiral superfield. This description is convenient due to the simplicity
of the 4D, N = 1 superspace structures but it has the disadvantage to realize only on-shell
invariance under the whole 6D superpoincaré group.

If we are interested in off-shell 6D superpoincaré invariant formulations, the most
powerful description is harmonic superspace [R7]-[R9 with eight supercharges which real-
ize 6D, N/ =1 SUSY and SU(2) automorphism group. However, as we have emphasized
previously, such constructions and approaches, at the quantum level, are necessarily be-
deviled with harmonic divergences that make higher loop calculations ambiguous. Indeed,
there presently does not exist a proof that such ambiguities can be removed to all orders
of perturbation theory.

An alternative formulation which guarantees manifest off—shell supersymmetry for the-
ories with eight supercharges can be obtained by using the projective superspace tech-
nique [J]-[[[]. The two off-shell formulations are strictly related [[Z] and the main differ-
ence is that the projective superspace approach has only a U(1) subgroup linearly realized,
out of the SU(2) automorphism. The interesting property of projective superspace is that
it naturally provides a reduction to 4D, N' = 1 superspace which the harmonic approach
does not admit.

Since in this paper we are interested in studying properties of 6D supersymmetric
sigma-models with target space geometry parametrized by 4D, N/ = 1 superfields, the
projective superspace approach seems to be the most natural one. A similar analysis has
been recently performed for the 5D case in a series of papers [[4].

We start reviewing the definitions and properties of projective superspace in 6D [[[, [].
We focus on the reduction to 4D, N' = 1 superspace following the lines of our recent
paper [[f] (For conventions we refer the reader to this reference).

The algebra of the N' = (1,0) supercovariant derivatives is

(D DY = cabjgih (3.1)

where €? is the invariant tensor of the SU(2) automorphism group of the A" = (1,0) algebra
and the derivatives D% are (1,0) Weyl spinors satisfying a SU(2)-Majorana condition [fI].
Now we extend the 6D superspace parametrized by Z = (x#,60,5) with a projective complex
variable ¢ € C*. In analogy with the 4D case we define the projective supercovariant



derivatives as
~ ~ ~ ~ 1
VHO) = uaVE AR =0V ue=(1,0) vaz(—z,l) (32

satisfying
(Ve VP =0 , {A% A%} =0 , (V% AP} =29 | (3.3)

We define superfields living in projective superspace as superfields holomorphic in ¢

+o0o
22.0=Y .2 (3.4)
and satisfying
VAE(Z,) =0 . (3.5)

Following Ref. [[] we want to make the structures of 4D superfields manifest. In terms of
4D spinorial coordinates the 6D superspace is parametrized by Z = (z*, 9“0‘,53) and the
algebra (B.1]) is rewritten as

{Daaa Dbﬁ} = eabCaﬁg ) {Egaﬁg} = eadeBa ’ {Daa’ﬁ%} - 52iaa5 : (36)

It is interesting to note that this is equivalent to the algebra of 4D, N' = 2 SUSY with a
complex central charge [R(]. In 4D notations, the projective supercovariant derivatives are

5 % (D¢ — DY . A~ DY + ¢Dg
Vi=1 o) = | —1a 20 o A== = 1—=1d . (37
v D +(D A D™ 1D

Then, from the definition (B.3), projective superfields satisfy

—_ = —_ —_ 1 2 -
Vo) E=0=V4(()E <= DpE=(D1,E , D E=—-(Di= |, (3.8)
and the component superfields (B.4) are constrained by
- - =2 -1
D2a:n+1 = Dla:n s Dd:n = _Do'és:nJrl . (39)

The above constraints fix the dependence of the =,, on half of the Grassmannian coordi-
nates of the superspace. The superfields =;, can then be considered as superfields living on
a N = 1 superspace with #% = #'®, 8% = 6, [B]-[LJ), [{] and we have a natural reduction
of 6D, N' = (1,0) multiplets to 4D, A" = 1 superfields.

In projective superspace the natural conjugation operation combines complex conjugation
with the antipodal map on the Riemann sphere (( — —1/¢) and acts on projective super-
fields as

+oo +oo .
E= DY Z.0"= D) (-)"E. (" . (3.10)
n=—oo n=—oo

,10,



Defining A? = ﬁedmgA&ABA&AS, manifestly 6D A = (1,0) SUSY invariant actions

have the general form* m, [

6 CdC \4 pi= = _ [ 6.m ¢ .z =
—/d.%'{ C%A ﬁ(“?‘—wC)‘} _/d xd@{ﬁ 27T7,< ﬁ(“?‘—ﬂC)} ) (311)

where L(Z, =, () is real under the -—-conjugation of (B.1() and C' is a contour around the

origin of the complex (—plane.

The general classification of multiplets in projective superspace is based on the ana-
lyticity properties of the projective superfields in the (—plane [fJ—-[[[7 and it is essentially
not affected by the dimensions of the space-time. What different dimensions affect is the
original SUSY algebra with eight supercharges which are used to define the projective su-
perspace. Note that the 6D case is interesting in this regard, six being the largest dimension
in which hypermultiplets with only (0, 3) degrees of freedom can be defined. Therefore, it
can be considered as the parent (up to issues involving ’twists’ and such dualities) of all
lower dimensional theories with only (0, +) multiplets constructed by dimensional reduc-
tion.

Now, we consider a particular class of examples built using the 6D polar multiplet [f]
defined by (ant)artic superfields focusing on the reduction from projective superfields to
4D, N = 1 superfields degrees of freedom. It is an interesting feature of the 4D and 5D
projective superfields to provide coordinates for natural extensions of rigid A/ = 1 Kahler
nonlinear sigma-models to the N = 2 cases [[[3], [[4]. Adapting these extensions to the 6D
projective superspace it is straightforward to find the same geometrical structures.

We start by considering a 4D A = 1 rigid supersymmetric sigma-model [B(]
/ dzd'o K@, 3" | (3.12)

with K the Kéhler potential of the target space Kéhler manifold M parametrized by the
scalar components of ®! (61). In analogy to the 4D case we define a 6D N = (1,0)

sigma-model on M
6,. 74 dg I 1
/d 2d a{fcmmr ), ¥ (g))} . (3.13)

where K is a function of the 6D (ant)artic projective superfields (TT) Y! defined by the

following power series

+00 +00 —
7 71
Y =N"xIen YT =S (=T = 3.14
nEO nEO( )T (3.14)

The action (B.13) is invariant under the global U(1) transformation

TC) —  Y() — T, — mr, . (3.15)

4We use the relations A® = 2D% — %VO‘, A = fiﬁd + %ﬁ‘j‘ which imply that A* = 716%21)232
when it acts on projective superfields and is integrated on the 6D space-time coordinates.
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Due to the truncation of the series, the A/ = 1 constraints on the component superfields
7 Al
T,, T, are

DaYh=0 , Dvl=9Yl . D.JT,=0 , DT, =07, , (3.16)
with YL, Tfl (n > 1) unconstrained N' = 1 superfields. The constraints (B.16) define a

set of 6D chiral-nonminimal (CNM) hypermultiplets [[] given by T) = & and T{ = !
extended with an infinite number of auxiliary superfields.
We observe that the action (B.I3)) has the same properties of the 4D, N = 1 case (B.19).

It is invariant under Kahler transformations
K(Y,T) — K(T,T)+A(T) +A(Y) (3.17)

and holomorphic reparametrizations of the Kéhler manifold Y/ —  f1(T7).
The physical superfields

= x| (3.18)

ar’(Q)
I ‘ _ ¢!
(©) o ; T leeo
of the 6D CNM hypermultiplet can be regarded as parameters of the tangent bundle 7'M
of the Kéhler manifold M.
The simplest example concerns a flat one-dimensional manifold with K = ®® in (B:12).
In this case the action (B.1J) becomes

+o00
/dﬁxd49 {]é 2%( *mf} = /d%d% {6@ —-Iy + Z(—l)"ann} . (3.19)
C

n=2

After integrating out the auxiliary superfields Y, T,, with n > 1, we have [ dSzd*0[®d —
Y] which is the action for a free 6D N = (1,0) CNM hypermultiplet which has been
investigated in [[d. In particular, it is dual to the free CC formulation (R.1).

The analysis of the free system can be extended to the non-trivial cases (B.13). We
need eliminate the auxiliary superfields of the polar hypermultiplet. This can be done
exactly as in the 4D case [[[3] where we refer the reader for details (see also [BI] for recent

applications). The action we are left with has the following form
Senm (@, 3 21 T = /dﬁxd‘*e{f((@@) — 9,5(®,3)2'%’

00 _ _
+ZRfl"'fpjr--jp(q)’E)Eh ---EIPEJl ...EJP} , (320)
p=2

where the tensors Ry. I,7,-T, are functions of the Riemann curvature R ;7,7 and its

covariant derivatives. All the terms contain equal powers of ¥ and ¥ as a consequence of
the invariance under (B.15). It is worth the mention, that presently, there is in general not
known a closed-form analytic expression for R L DyTh Ty (®,®). A solution to this problem
would represent a major advance in understanding this class of problems.
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The action (B.20) describes a class of non-trivial 6D CNM sigma-models which are
guaranteed to be on-shell N' = (1,0) supersymmetric and 6D Lorentz invariant by con-
struction.

So far we have restricted our attention to the polar multiplet as an extension of the
4D chiral multiplet. In particular, we have constructed 6D, N' = (1,0) supersymmetric
sigma—models defined over the tangent bundle TM of a Kahler manifold M. In the
four dimensional case, using the projective superspace, in [[3] [4] an extension of the
rigid ¢-map [B2] was proposed which allows us to obtain a 4D, N' = 2 hyper-Kéhler
manifold starting from a 4D special Kéhler geometry. The construction makes use of O(2n)
multiplets in projective superspace. Without giving any detail, we note that, as follows
from our previous discussion, the construction of O(2n) 6D, N' = (1, 0) hyper-Kéhler sigma
models along the lines of [[[3] should work straightforwardly since the dimensions of the
space—time should not affect the superspace structures which allow for that construction.

We conclude by noting that our previous analysis covers only a small set of projective
superspace sigma-models. The relevant property of actions of the form (B.13) is that the
auxiliary superfields integration procedure is quite well understood and solved exactly for
some non-trivial examples [[3, BI]. It is believed that all the hyper-Kahler metrics can
be derived from the most general polar multiplet action K(7T, T,C) with a non—trivial
dependence on ¢ ®. We expect that the CNM’s would arise naturally also in the general
projective superspace case and the 6D structure would be the same as in our present

analysis.

4. 6D, N = (1,0) CNM sigma-models

Six—dimensional projective superspace provides a powerful method to build a class of 6D,
N = (1,0) supersymmetric nonlinear sigma-models whose partially on-shell description
is given in terms of CNM 4D, N = 1 superfields. The projective superspace construction
insures that the resulting CNM sigma-model is on-shell 6D, ' = (1,0) supersymmetric
and we expect the structure of the CNM target space geometry to arise naturally. However,
the action (B.20)) for a 6D sigma-model as coming from projective superspace is not the
most general action consistent with the symmetries of the problem.

In this section we investigate the most general class of CNM sigma—models we can
construct directly in terms of 4D superfields and figure out the associated target space
geometry, as done in section 2 for the CC case. In particular, we study how the defining
tensors of the model are constrained by the demand of on-shell 6D, N' = (1,0) SUSY.

Generalizing the free N' = (1,0) CNM action [[f, we consider the following ansatz for
the most general (1,0) CNM sigma-model action, off-shell invariant under 4D SUSY and
the S1(2, C)xU(1) subgroup of the 6D Lorentz group

o /dG [/d4ga(q>a,6“, zk,ik)+/d29pa(q>b)aq>a+/dQEE(Eb)G_@“] , (41)

SWe thank Martin Rocek for electronic correspondence on this point and for informing us on a

forthcoming proof of this claim [@] In harmonic superspace it is known that all hyper-Kéhler
metrics can be found from the most general g™ hypermultiplet action [@7
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where the superfields ®¢, 65, DL 5" are CNM satisfying
Dad*=0 , D'xF=gk@)ode |
D@ =0 , D' =55%)5%

S]

(4.2)

The CNM models emerging from projective superspace correspond to the particular choice
P, =0, S =1 and G constrained to have the form (B.20).

In trying to keep the discussion very general we allow the number of chiral (n.) and
nonminimal (n,,) superfields to be different, we generalize the nonminimal constraint
by the introduction of the tensor S{(®) and add holomorphic terms admitted by the
symmetries of the theory.

Actually, the introduction of a holomorphic term is necessary whenever n,,, < n.. As
a particular example we mention the case of one free CC plus one free CNM pairs (1, = 1,
ne = 3)

S = /d%[/d% [5+<I>++5<I>+5<I>—§Z]+/d29<1>+6<1>+/d2§5+6_<1>] , (4.3)

De®s =Ds® =0, , Dudr=D,3=0 , DX=09d , DT=03 . (4.4)

While the completion to 6D of the CNM (®,3) kinetic terms is provided by the non—
trivial constraint D°Y = 0®, the completion of the kinetic terms for @1 makes use of the
holomorphic term, as discussed in [f] and in section 2.

Now, we go back to the general case ([L.1], i.9). In the CC case of section 2 we have first
imposed the restoration of 6D Lorentz invariance on the bosonic part of the action with
the auxiliary fields set on—shell. The requirement of 6D Lorentz invariance constrains the
target space to be hyper-Kéahler and this is sufficient to guarantee the on—shell invariance
of the whole action plus 6D, N' = (1,0) supersymmetry. We now follow the same approach
to constrain the tensors G, P, S, P and S of the CNM sigma-models (@, £2).

Having defined the component fields as in ([A.1)), we reduce the action ([.I]) in compo-
nents. The resulting action is much more complicated than the CC one and we refer the
reader to appendix B for the whole component lagrangian (see eq. (B.1])).

Before performing the auxiliary fields integration, it is useful to write the bosonic
part of (B-1)) in a compact form introducing a vectorial/matricial notation. We define the

following matrices (G, = ;%)Gzr)

0 G b Gar Ga? Gkr GkF
@ N = H = 4.5
( Gab 0 ) ’ < Gﬁr GW ) , < GET‘ GE? ) , ( )

Sk 0 10 1
S= 7 , P= , Pp=-(14+P) , 4.6
($2) . e(10) . melesn . o

<(Gk5{f + Py)a) = (GrSE + Pa)v) ~ —SiCGig ) (47)
7 i I -4
—S5aGpp (GESy + Pp)@ — (GgSa + Pa) ),

M
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in terms of which the bosonic component lagrangian becomes
6 1 ac AT 1 ac RT
Sof = [ d’x| — Z(? A" M 0pe A + ga B* [3H + PHP| 0,a8

+ %6“‘5‘AT [P, [P,N]] 8aaB + 0AT P,STHSP_0A

1 1 1
+ 5 F MF + oMU [PPH|H + J F' [P [P,N]|H
+ F'P,OOA + FT P_.OOA + HT PLHSP, HA
+H'P_.HSP_0A — F' P,STHOB — F' P.STH OB

1 . 1 . 1 .
-3 PL.HPY + 3 PL P, NT]i0“¢ A + 3 PT (P ,H}id*B

(4.8)

As usual, the equations of motion for the auxiliary fields are algebraic. Defining the

~ PO M |N
() o) e

matrices

-\ ~ 0 |-8§"H
Z=(iP,P Xe=i1+P 4.10
(2P.1P.GN) L e = )(Hspi‘ . ) , (4.10)
the solution to the equations of motion for the auxiliary fields read
F A = A
=—ZX,0 — ZX_0
Pos = %H*I[P, NT] 0, A + %H*l{P,H}iaadB . (4.11)
Inserting back into ([.§) and defining
A T P.STHSP_|0
C= =X, ZX_ - 4.12
< B) ’ y + < 0 ‘0 ) ( )
ICl ICQ 1 -1 T
K= , Ki=M+=[P,NJH *[N",P] , 4.13
(@%) 1 + 2[ ] [ ] (4.13)
1 . 1 1 . 1
IC2:§[N,P]H {P’H}_Z[P’ [P,N]] IC3:§HPH PH—§H . (4.14)
we find the following action for the bosonic physical fields
1. . _
S =— /d% [Z 2°CT K 00sC + acTyac] : (4.15)

The matrix Y defined in (f.19) is not symmetric. In order to proceed we need symmetrize
it. To this porpose we rewrite (JLIF) as
1

-3 /dﬁx[aadcT K 0,4C + 0cT Koc + acT K oc
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4—%/d%ﬁd%y—3ﬁﬂ% , (4.16)

where we have defined

_ . 1 T
K53w+yT::xTZX-<4VWR§ HSWS) , (4.17)
and
~ QT
X = X + X = o ‘SH (4.18)
P HSP, + P_.HSP_| 0

Note that the structure of ([.16) is similar to the one for the CC case (see eq. (R.I7)).
Therefore, by imposing the restoration of 6D Lorentz invariance we obtain the following

condition
K=K . (4.19)

As in the CC case we expect the constraint (J.19) to be sufficient to make the second
line of (4.16) a total derivative and, more importantly, to provide on—shell 6D Lorentz
invariance and 6D, N' = (1,0) SUSY of the whole action. Unfortunately, in this case the
direct proof is not straightforward and we have not pursued the calculations up to the very
end.

The constraint (f.19)), once written for each component of the two matrices, gives rise
to a system of equations which is much more intricated than (R.20]) for the CC case. Up
to now we have not been able to solve it in general. We are going to provide the explicit

solution only in the following example.

Example: 4D target space. We consider the CNM sigma model describing the dy-
namics of one chiral and one nonminimal superfields defined by the action®

2

S:i/J%feG@hEJLE), D’=0% , DX =090 . (4.20)

In this case we can write explicitly all the quantities which enter our equations (f.19). In

particular, K ([.13, .14) has component matrices given by

K, — 1 2G1§G22 Gog(det H) +2G 45G55Gss (4.21)
det H \ Gyg(det H) + 2G 45G55Gs5 2Gi5Css ’ .
Ky — 2 ( 2G45GesGys C%ﬂKGEEGzz4G§z)> (4.22)
det H \ Gy5(GexGyy + Giy) 2G55GssGss ’
2 2
Ky — 1 < 2GenGis , GEE(GZiGﬁ +655) > ’ (4.23)
det H \ Gyx(GesGss + Gis) 2655655

SWe consider the simplest CNM constraint with S(®) = 1 since, in the present case, we
can always eliminate the function S(®) by a redefinition of the nonminimal superfield,
¥ = S(®)Y’, which implies DY’ = 9.

,16,



where (det H) = (GxxGss — G

2
Ef)' Furthermore, we have

0 Gy | 0 —Ggz
1 Gys 0 |-Gz O
Z = s o ) (4.24)
GogGys — Goxlyz 0 —Ggg| 0 Gop
—Gyg 0 | Ggs O
= (KK . -
and K = RTIR, in ([L17) becomes ( k = (GgzCGss — GoxGx3))
K = i < 2G5 Gxs GpgGreGys + G<1>2G2<1>G22> (4.25)
k \ GoaGssGss + GosGs5Gss 2G75Gss ’
IEQ _ i < 2G<I>§GEZGE§2 G@f(GEZGﬁ + G;E)) , (426)
k \ Gs3(GeeGss + Gis) 2Gy5GywGyy
~ 1 2G sy G2 G5 (GexGss + G2
/Cg _ :( 22U ) zz( 222 5=t EZ)> ) (4.27)
k GEf(GEEGﬁ + GZE) QGEEGﬁ
Now, imposing K = K as in (E19) the only non-trivial condition we obtain is
GrxlGsy — Gis = Gpglss — GosGyg - (4.28)

In this case one can check that this condition is sufficient for the second line of ([L16)) to
be a total derivative. As we are going to show at the end of section 6 the condition ([1.2§)
implies that the 4D target space geometry is hyper-Kéahler.

It is interesting to note that (J.2§) is exactly the same constraint which was found
in [[[9] from the condition of vanishing one-loop beta-function for a 2D CNM sigma-model
with N = 4 supersymmetry. This implies that the resulting manifold is Ricci-flat and
being four dimensional, it is necessarily hyper-Kihler [B4], [L9].

5. Duality between 6D, N = (1,0) CC and CNM sigma-models

One of the very interesting properties of the nonminimal superfield in four, and lower
dimensions, is that it is dual to the chiral multiplet [P0]. In [[f] we proved that, in flat target
spaces, an analogous duality exists between 6D, N' = (1,0) CC and CNM hypermultiplets.
The same happens for 5D sigma-models [[[4] . In this section we address the issue of duality
for 6D, N = (1,0) nonlinear sigma-models.

We start by considering the most general CNM sigma-model (JL.1)). To build its dual
we implement the CNM constraint (|1.2)) using a lagrangian multiplier. We then consider
the action

5 = / dSzd*0 G<<I>“,§E, z’fj%) n / dS2d*0 P, (@b)a<1>a+ / dS2d*0 P, (6 )56

- / dSzd*o

vi (Dt - sh(@) o e7) + 75 (DQEE _54@) 5‘5)] . (5.1
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where Yy, ?E’ 5% and 3 are unconstrained complex superfields. Integrating out Y3 and
Y we are back to the original CNM model ([} [£Z). On the other hand, varying with

respect to ¥¥ and T we obtain the equations of motion (G}, = &%)

Gy =D, , Gp=D7; . (5.2)

We can integrate out ©* and " defining new (anti)chiral superfields x; = 32Yk, Xz =
D?*Y and inverting the equations (f-2)

G,C(@a@a,zk,i’“) =y = E’“:E’“(qﬂ@a,m,y@) , (5.3)
Gﬁ@“@?ﬂf,i’“) - % = ik:§k<q>a,65,Xk,yE) . (5.4)

Substituting back into (p.1]) we find the action for the dual CC model

/ dﬁx{ / d*o

+/d29[(Xka+Pa>6<I>“

G(@aﬁa, zk,i’“) — g — i’“yk] .
2k:2k(¢a75ayxk7YE)

+/d2§ }
E/d%{/d%é(\lﬂ,?) +/d29Q1<qﬂ)a\1ﬂ+/d2§§7<§)5@} . (5.5)

where we have defined the (anti)chiral superfields (@I) 2

@1:<@a> : ET:<?E> : (5.6)
Xk X%

being the coordinates of the dual target space. The Kéahler potential G is the Legendre

(¢5% + P2)7®

transform of G in (J£I) and the (anti)holomorphic pieces are expressed in terms of

sts + P,
Q[ = < ) )

T
X9 + Pq
L= | “O+ o (5.7)

<l

0

This procedure is very general and allows to map any CNM sigma-model (L1} [£2) to a
CC sigma-model (b.3-p.7).

A very interesting subclass of dual CC-CNM pairs are those coming from projective
superspace. Using the prescription just described, given the CNM sigma-model (B.20)
we can find the corresponding on—shell 6D, N/ = (1,0) CC sigma-model. Since in the
projective case of section 3 the CNM multiplet is naturally interpreted as parametrizing the
tangent bundle T M of the Kéhler manifold M, once we perform a duality transformation,
the resulting CC coordinates (@“,Ea,xa,ya) describe the cotangent bundle T* M of M.
These manifolds must be hyper-Kéhler as requested from the general analysis of the CC
case (see section 2).
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It is important to note that in the projective case as well in the free case, the holo-
morphic term has the particular form (P =0, S = 1)

1
/d29><a8<1>“ = §/d29 (w/QY,) ov! (5.8)

where

is the constant symplectic matrix.

The holomorphic term appearing in (f.J) from the CNM—CC dualization is at most
linear in the dualized (anti)chiral superfield (X3) xx. At a first sight this term seems to
describe only a subclass of models and one may wonder whether the duality map does
indeed generate the entire class of CC sigma—models. To answer this question we now
prove that performing a suitable change of coordinates, any holomorphic term in (P.5) can
be always reduced locally to the canonical form (f.§). Therefore, we can state that the
duality map described above is the most general one and relates the whole class of CNM
models ({1, .2) to the whole class of CC models (P.5).

To this end we consider the most general CC sigma-model (R.§) and search for a
holomorphic change of coordinates

v = f4O), TN0) = FI(T) 5.10
a —1\a T (0 o AN
W) = (N, T = (FE) (5.11)
such that

Qu(T(T')) D T(T) = %qﬂb Q0 9 4 ag\(;fa) g (5.12)

— = =\ 0, 1—b=0 s=7a 9V =
0. (T(T)NIT(T) = T2 IT"” + ag(_@) EETA (5.13)

v

The terms Bg\(;,j;) oW =9 g(¥') and Bg(@i) T = 0g(V'), being total derivatives, do not

affect the holomorphic term and can be always admitted in a change of coordinates.
The previous equations are equivalent to the following differential equations for the
functions f® and f*

5 ch owa + oW = Qa 3 (514)
—b
1l-z=0 O ag —
Ly . (5.15)
2 o’ v
and also
owe owd owe owd 0
(Quo) = Qe s g = et g g = %o (516)
—C . =—d —C . =—d
_ —\ 0T° 9U o 1Yo N TR—
<Qa(a) - QE(H))T@ — ~VYa = = Y (5.17)
oV 5 oV 5
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where the components of the holomorphic two—form Q and Q (R.19) of the hyper-K#hler
manifold appear. The functions ), transform as the components of a holomorphic one—
form @ = @, dV® and the local change of coordinates described by the previous equations
is such that the closed, nondegenerate, covariantly constant two—form €2 = —0 @) is mapped
to the canonical constant symplectic two—form Q0. The hyper-Kéhler manifold is a complex
symplectic manifold with respect to the holomorphic two—form 2. According to Darboux
theorem we can always choose a particular system of coordinates” BY, B3, BA] for which
Q=00 and @ = Q°. This insures that locally our previous equations are always soluble.
The discussion above means that locally the 6D CC sigma-models can be always
described, after the appropriate change of coordinates, by a holomorphic term having the
canonical form (f.§). In the symplectic coordinates it is natural to divide the coordinates
as in (p.§) and all the CC hyper-Kéhler sigma-models in the symplectic basis reduce to

S = /d%d‘*aK’(@,E,X,y)+/d%d29x16c1>1 + /d%d%yﬂ@f , (5.18)

with K’ the Kahler potential in the symplectic basis.

So far we have described how to dualize CNM models obtaining CC sigma-models.
Now, we want to proceed in the other way around and construct the CNM dual of a
general 6D, ' = (1, 0) hyper-Kéhler CC sigma-model. Once we have written it in Darboux
coordinates as in (f.1§), the CC—CNM dualization goes straightforwardly.

We solve the kinematical (anti)chirality constraints of (X7) xs in terms of an uncon-

strained complex superfield (77) Y7 which plays a role similar to the Lagrange multiplier

of (B.5)
xr=-DY; | X;=-D%; . (5.19)

The action (.1§) takes the form

— — ==T
/d49[K’(<I>,<I>,X,X) - Y00 —Y;09 (5.20)
Varying with respect to (Y7) Y7 we obtain
. Kl K/ 7
D _ gt 22K 53 (5.21)
oxr Xt
Therefore, the superfields
K’ = K’
S s = J (5.22)

T ot Xt
satisfy the linear constraints in (JL.3) with S = 1. We invert these relations to determine y s
and x7 as functions of (®,®,%,%). Substituting back into the action (§.20) we find that

"See section five of [@} for an interesting discussion on Darboux coordinates in the case of
generalized Kihler geometry. In their language, our (anti)holomorphic two-forms Q and Q
are those which define the inverse of a Poisson structure on the manifold.
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the CC sigma—model (p.1§) is dual to the CNM sigma-model defined by

S = /dﬁxd49[K’ (cbf@[,;a,y[) —xly — EIyI]

X1=X1(‘I>I§I,EIEI)

:/dﬁxd49I~(’ <¢1,61,21,51> : (5.23)

where K’ is the Legendre transform with respect to ¥ and y of the Kahler potential K’.
We have then found that all the CC sigma—models of section 2 written in a canonical
symplectic system of coordinates are dual to CNM models.

So far we have considered maximal duality maps, i.e. trasformations where all the
nonminimal multiplets are dualized to chirals and viceversa. However, one can consider
more general situations where the duality map involves only a subset of superfields. These
partial dualizations can be used to map a CNM model with n, # n,, to a model with
Ne = Ny This is possible every time ne — Ny = 2n.

On-shell pairs of dual CC-CNM sigma—models have the same dynamics. This means
that the target space described by the two sigma—models is the same. Therefore, on—shell
the CNM model describes a hyper-Kéahler manifold as well. In particular, as also noted
in [[9], the duality Legendre transform acts on the manifold as a change of coordinates
which is in general non—holomorphic (not preserving the complex structures).

6. 6D, N = (1,0) CNM sigma-models (II): an indirect approach from its
dual CC model

In section 4 we have studied the most general CNM sigma—model defined by our ansatz ({.1}
[.9) and worked out the constraints on its defining functions as coming from the direct
restoration of 6D Lorentz invariance of the on—shell action. Unfortunately, as already
noticed, the system of constraints which we obtain cannot be solved in general and we are
not able to easily read from them the geometrical properties of the target space.

In the previous section we have discussed the duality properties between CC and CNM
sigma models. This opens the possibility to find the set of constraints satisfied by the CNM
sigma-model ([.1], [£.2) by following an alternative, indirect approach: Since we know the
precise relation between the geometric tensors of the CNM model and of its dual we can
infer the constraints of the CNM case from the hyper-Kihler condition (R.20)) for the dual
CC model.

Given the general CNM (||, .9) we can find the components of the two—forms € and
Q for the CC dual (5.5)

(Pb(a) - Pa(b)) + X (Sif(a) - S;(b)) -5

, 6.1
5 ; (6.1)

Q= Quu — Qi) =

=5

(?E(a) - ?E(E)) +?§ (Eg@ -5 a(Z)) - EZ

B (6.2)
S 0

Q7 = Q33— Q17) =
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To write the hyper Kihler conditions (P.20) we need find the expression of the Kihler
metric G 7= OI&G of the dual CC geometry in terms of the tensors in the CNM basis.
Exploiting the fact that the Kahler potential is the Legendre transform of G, we find

- osk o ok _ ot
Gag = 0z |Ga + Gk@ + GE@Q)G - Xkaq>a - Xgaq)a
ok ox* s o*
= Gua + Gq -+ G = Gua+Gagr=—+G 31— , 6.3
+ kaq) + aka(b + kaq)a+ akaq)a ( )
~ s bl
Gy = 0Ga = Graoe + Gao
Xk Xk
ox" X oxr 0% ok
= 0| Gro + G — e =S - | = - 6.4
Ik oxr Ok Ixr < ] %" 64
=7 —k
~ T oxr ox ox
GF=Gy—+GCGpr— = — , 6.5
. ot O o S0 (6.5)
o OxF o=*
Gh = 22 = = | (6.6)
X% Oxk
Using the defining equations (f.3, f-4) of the CNM Legendre transform we have
0 0
Grr Gir 5 e
H = = ) 6.7
Grr Grr g OXg 0D
o ax"
k k
X Hkr HkF gir g%y
H = HET HEF - 8ig (9_§E ’ (68)
8XT 8%%

We are then able to write the metric of the CC Ké&hler target space in terms of tensors of
the original CNM model

~ éal_) éaF
Gy = ékg ol ) (6.9)
with
Gaa = Gag — Gar(H Grg + H Grg) — G z(HY Gy + H Grg) . (6.10)
Gl =GuH™ +GzH™ (6.11)
G = GgH™ + GmH™ | (6.12)
GM = _pgk* (6.13)

In a matricial form as (f.5, [.6) and (5.7, b.8), the dual CC Kihler metric (b.9) can be

written as

G =P, (M~ NH'NTP )P, — iPQ[P, [P,HYP_ + i[P, [P,NH™Y] , (6.14)
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where

01
Py = (1 0) . (6.15)

At this point we impose the hyper-Kéhler condition (R.2())

G =-uG70; «— Gu;97G,;=-0, . (6.16)

These equations can be re-interpreted as conditions on the CNM tensors, remembering that
Xk = Gr(®,®,%,%). Therefore, inverting the metric éﬁ or the form ;; one can write
explicitly the conditions on the tensors of the original CNM sigma-model which insures
on-shell 6D Lorentz and N = (1,0) SUSY on both sides of the duality map.

We have not investigated extensively the constraints (p.16) for the generic sigma-
model (1], [.) yet. However, we can make few preliminary observations.

So far, we have not specified the number of coordinates of the target space described
respectively by chiral ®® and nonminimal %* (or dual chiral yj) superfields. In order to
understand if there are restrictions on the number of coordinates we analyse the tensors
Qr7, Q57 (B B2). To have a well-defined dual CC model with on-shell 6D, V' = (1,0)
SUSY we know that 25 has to provide a local parametrization of the components of the
nondegenerate closed holomorphic two—form of a hyper-Kéhler manifold. In particular, the
matrix 277 has to be invertible, i.e. its kernel has to be trivial. Observing the explicit
expression of Q77 (6.1) in the case under consideration it is clear that the number of
coordinates described by nonminimal superfields n.,,, has to be equal or less as the number
of chirals n. (npm < n.). In fact, if ny, > ne then Sff would certainly have a non—trivial
kernel and so would 7 (B.)).

We first consider the case ny,.,;, = n. = n. Since {275 has to be invertible, we require
SE(®) to have a trivial kernel and an inverse S¢(®) exists such that SFS? = 6k, 5257 = 6¢.
If S* is invertible, it is possible to simplify the CC dual (p-5) by doing the holomorphic
affine-like x4, X7 superfield redefinition

(
S

) 6L + Pg(®) 6L, (6.17)

@) - Pa@®0Z ,  (618)

EallS|

Q| 3|

Sio B

Xk = XrSg((I)) 5g + Pa(q))dg sy Xk g

Xk = Xr 5g SIZ((I)) - Pa(q)) 6[% ) YE =

>
Il

|

3

0

>
3
Sl |

keeping the ®, ® coordinates fixed. In the (@, ®, )Zk,ig) target space coordinates the CC
sigma-model which we find is in a symplectic basis where the holomorphic term is (f.§). If
we now dualize the resulting CC sigma—model with respect to the new tilde coordinates, we
find a CNM sigma-model where P, = 0 and S¥(®) = 6*. This means that, with 1, = n.
all the consistent 6D, N' = (1,0) CNM sigma-models can be described by P, = 0 and
Sk(®) = k. This is clearly what we expect from the discussion of section 5. We then focus
on this particular case.

With P, =0 and Sg = 5’;, Qr; and Q7 become the constant symplectic matrix and
its inverse, respectively (also Qr; = PP and QY = —P,P = PP,). The hyper-Kihler
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condition on the CC dual sigma—model then reduces to
0 = HY63 (GopH” + GupH™) — HT61(Gop HP + GpHPY) (6.19)
6 = B[ Gy — Guu(H G g+ HTGg) = Gz (H7 G+ HY G|
+(GasH* + GosH™)o(Gy HP + G HPY) (6.20)

0= | Gea — Gus(H" Grg + H Grg)

— Gus(H* Gra + H Grg) | 5 (Gy, HP* + G HPY)

Gag — GQS(HSTGTE + HSFG?E)

- Ga@(ngGrg +H§GFT;) 5g(GapHpk + GfTPHﬁk) ) (621>

or in the matricial form
PP =G'PRPG . (6.22)

where G is given by (5.14).

If nym < ne and nyy, + ne = 2n, we expect that under a set of partial dualities the
CNM model can be mapped to a CNM model with n,,, = n., as discussed in section 5.
Therefore, the previous analysis still works. On the other hand, if n,, +n. = 2n + 1 the
theory is not well-defined since an odd number of target space coordinates is incompatible

with the hyper-Kéahler condition.

Example: 4D target space We now analyse the 4D target space example of section
4 (see the action ([1.20)) using the indirect approach of this section. The dual CC Ké&hler

metric G 7 (B9 is
Gog = Gog — aam [Géz(GﬁGﬁ — GysGax) + Gox(GenGay - szGza)] , (6:23
éCDZ = aﬁ [Gcbszz - GCPEGZE] ) (
%5 = i |GG — GasGss) (

E (

AYS 1
G = qam Gss -

D
[\

4

(=]
\V)

23)
24)
25)
6.26)

Imposing the hyper-Kéhler condition (p.16) with Q;; = Q9 = <(1) 01>, the only

constraint on G(®, ®, ¥, Y) which arises is ([.2§). This proves that, at least in the case of a
four dimensional target space geometry, our direct and indirect approaches are equivalent.
Furthermore, from the present discussion it follows that (f.2§) is effectively a hyper-Kéhler

condition as we claimed at the end of section 4.
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7. Conclusions

In this work, we have endeavored to open a discussion of 6D supersymmetric nonlinear
sigma-models. Our specific techniques involved utilizing 4D superfields, thus keeping man-
ifest this degree of supersymmetry, that permit full 6D Lorentz invariance to be realized
only on-shell.

We have demonstrated, as might have been expected, that the use of two chiral su-
perfields to represent the 6D A = (1, 0) hypermultiplet provides the simplest manner in
which to describe such actions. This formulation has the interesting feature that to write
its action requires in addition to a Ké&hler potential, a holomorphic U(1)-bundle connec-
tion. The 6D Lorentz invariance imposes a condition that relates the Kéahler potential to
the connection in such a way that the sigma-model manifold must be hyper-Kéahler. The
field strength of the holomorphic U(1)-bundle connection has been found to be related to
the well-known triplet of covariantly constant complex structures. We have also given a
brief introduction to the use of projective superspace for analysis of this class of models. As
the polar multiplets of projective superspace necessarily lead to combinations of chiral and
nonmininal multiplets (CNM’s) making their appearance, we finally have studied this class
of models by an analysis based directly on the introduction of CNM actions without the
use of projective superspace. In this last set of activities, general conditions were derived,
but owing to the sheer algebraic complexity, we have shown that there exist well define
special cases which demonstrate the equivalence of the CNM description, where possible.
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A. Some definitions and formulae

In analogy to the four dimensional case [[6]—[[§ we define the component fields of the CNM
multiplet (J.2) as

AT =99 | g% =D,d% , F°=D2"
=" . V=D . F-DF .
BF =¥kl | Ch=Dsxk , HF=D2H |,
pk =D,k pk,=DaDaXF| | By =1DDaD,5k
B =% |, F=pD3" , B =D ,
ot =D:S"| | Bha=-DuaD:E'| , Bh=1D"D.Ds%"| (A1)



From the bosonic components we define the vectors

B. 6D CNM sigma—model action in components

Now we give the expression of the action in components for the general CNM sigma—model
described by (1)) with constraints ([.2). By non-trivial dimensional reduction we can

obtain component actions in lower dimensions. In particular, the sigma—model actions we

obtain can contain non—trivial mass and potential terms coming from the CNM constraint.
These actions generalize sigma-models studied in [[6 [[7 where only the standard non-

.. . -2 .
minimal constraint D3 = 0 was considered. Our more general models are relevant for a

CNM description of SUSY theories with non-trivial central charges.

With the components defined as (A1), the action of the CNM sigma-model ([£1]

is

(Pb(a) - Pa(b)) (FaaAb + %wbaa ¢Z> + %(Pb(ac) - (bc)) (DA®) Py,
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- _ —a— _B 1—50{_ —a 1 D P
4 (pg(a) - Pa(l?)) <F OA + 3¢ 3%'4) + §<P_(@) ~ Page >( RE
+GuSiy F'0 A + GiSEOF" + G098, + G (0495
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